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Introduction 



The purpose of this article is to find a general criterion for isomor- 
phism of two Hopf algebras in certain classes of abelian extensions. The 
classes in question consist of Hopf algebras which are extensions of the 
CN ■ group algebra kC p by k G for a prime p, where C p is a cyclic group of 

prime order p, G a finite abelian p-group, and k an algebraically closed 
field of characteristic zero. The customary definition of equivalence 
^ ■ of extensions [16] gives rise to the set Ext(kC p ,k G ) of all equivalence 

classes of extensions. 

Every algebra from any of our classes is semisimple by [18j 7.4.2]. 
By a fundamental result of D. Stefan [21] the number of isomorphism 
types in any of our classes is finite. Our main results are similar to Ste- 
fan's inasmuch as both involve an orbit space. In our case this space 
is constructed as follows. The group G is a right C p -module under 
the action denoted by '<'. The set Ext(kC p ,k G ) splits up into a dis- 
joint union of groups Opext(kC p , k G , <) of classes of extensions with 
the same C p -action on G. Cohomology theory of abelian extensions 
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of finite-dimensional Hopf algebras [33] supplies us with the abelian 
group (kC p , k G , <) of Hopf 2-cocycles parametrizing algebras in 
Opext(kC p , k G , <). Two groups play a distinguished role in the pa- 
per. The first one A(<) = Autc p (G) is the group of C p -automorphisms 
of G. In the second place comes the group A p = Aut(C p ) of au- 
tomorphisms of C p . A(<) acts on (kC p , k G , <) turning it into an 
A(<)-module, while A p twists the action '<' into p — 1 actions < a , a G 
A p . Let [G, <] denote the class of C p -modules isomorphic to [G, < a ] 
for some a 6 A p . Furthermore, we let Ext[ Gi< ](kC p , k G ) stand for 
the set of equivalence classes of extensions whose C p -module G lies 
in [G, <]. The main result of the paper is the statement that two 
Hopf algebras H,H' 6 Ext(kC p ,k G ) are isomorphic implies they lie 
in Ext [Gi<] (kC p ,k G ) for some '<', and moreover there exists a bijection 
between the orbits of A(<) in (kC p , k G , <) generated by a single 
noncoboundary and the isomorphism classes of nonco commutative al- 
gebras in Ext (kC p , k G ). Under a stronger hypothesis on G, namely 
G elementary abelian, the theorem is strengthened to a bijection be- 
tween all orbits generated by a single 2-cocycle and isomorphism classes 
of algebras. 

Elements of Ext(kC p , k G ) possess two special features. Every algebra 
H there is equivalent to a smash product k G #kC p , and k Gp is central 
in the dual Hopf algebra H*. In consequence, it is only the coalge- 
bra structure of H that is deformed by a 2-cococycle. These types of 
abelian extensions have been studied by M. Mastnak [T2]. We adopt 
his notation H 2 (kC p , k G , <) for the group of Hopf 2-cocycles. A major 
result of the paper is structure theorem for H 2 (kC p , k G , <). It states 
that if G is any finite abelian p-group with p > 2, or a finite elementary 
2-group then there is a C p -isomorphism 

(0.1) H 2 c {kC p , k G , <) ~ H 2 (C P , G) x H 2 N (G, k*) 

where G is the dual group of G, H 2 (C P ,G) is the second cohomology 
group of C p over G with respect to the action <, and H^(G,k*) is 
the kernel of the norm mapping in the Schur multiplier of G. The for- 
mula shows an interesting interplay between Hopf algebras and groups. 
For, in the case < is trivial, we have by Proposition 15.11 that the sub- 
group of commutative extensions in Ext(kC p ,k G ) is identical with the 
group of central extensions of G by C p , so that H 2 (kC p , k G , triv) equals 
H 2 (G,C P ). Thus, (10. ip can be seen as a Hopf algebraic generalization 
of a structure theorem for the 2nd cohomology group H 2 (G, A) of cen- 
tral extensions of a finite abelian group by a group A [2U Thm. 2.2]. 
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Another notable result is the computation of the number of isomor- 
phism types of commutative algebras in Ext(kC p , k G ) for G elementary 
abelian and an odd p. We conclude the paper with an illustration of 
our technique in the case G = C p x C p completely described by 
A. Masuoka [15] . 

The paper is organized in six sections. In section 1 we review the 
necessary facts of the theory of abelian extension with the emphasis on 
duality inherent in the theory and we derive the formula for comulti- 
plication in the dual of a crossed product from first principles. Each 
abelian extension is associated with a pair of groups (G, F). In section 
2 we narrow our focus to the so-called cocentral extensions [S] with 
the additional property of the trivial 2-cohomology of F in k G . In sec- 
tion 3 our setting is even more restrictive. There we study extensions 
associated with pairs (G, F) where G is a p-group and F = C p is a 
cyclic group of order p and we calculate the second Hopf cohomology 
groups. Section 4 contains the main results of the paper. In Section 5 
we classify commutative extensions and compute their number up to 
isomorphism. In the last section we rederive a key result of [T5] using 
our technique. 



1. Background Review 

1.1. Extensions of Hopf Algebras. Let k be a ground field and % 
denote the category of Hopf algebras over k. For a Hopf algebra H we 
let €h and % denote the augmentation H — > k and the unit k — > H 
mappings, respectively, k itself can be viewed as a Hopf algebra with 
A(l k ) = l k ® l k , S(l k ) = l k and e(l k ) = l k . It is easy to check that 
for every H G 7i, Hom w (if, k) = {e H } and Hom w (k, H) = {u H }. 
From the point of view of the category theory k is the zero object in 
%. Applying the categorical definition of kernel to % we say that a 
Hopf algebra (K, i) is the kernel of a Hopf morphism : F — > G if 
l : K — > F is a Hopf morphism and linear monomorphism fitting into 
the commutative diagram 

K k 

(1.1) 



and universal among all diagrams 11.11 That is, for every (K', l') sat- 
isfying [1J] there is a unique A : K' — >■ K with l\ = i! '. Since (Ik, top) 
satisfies ll~l] the set of subHopfalgebras of F satisfying II .11 is nonempty. 
Moreover, the subalgebra generated by two Hopf subalgebras satisfying 
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II. H is a Hopf subalgebra satisfying 11.11 hence there exists a unique Hopf 
subalgebra satisfying 11.11 Following [TJ we denote that Hopf algebra 
by HKer0. 

Dually, a Hopf morphism and a linear epimorphism 7r : G — > Q is 
called the Hopf cokernel of 0, notation Q = HCoker^, if 7r fits into the 
commutative diagram 



-> G 



'1.21 



and for every tt' : G — >■ Q' satisfying 11.21 there is a unique [i : Q —t Q' 
satisfying fin = ir'. It is immediate that n : G — > G/Gi(F + )G is 
HCoker0. 
We can make 

Definition 1.1. A Hopf algebra C is called a weak extension of a Hopf 
algebra B by a Hopf algebra A if there is a sequence of Hopf mappings 



(S) 

with A 



HKer7r and B 



A>^C 
HCokert. 



In what follows we assume the antipode of C is invertible. We 
point out that our definition of Hopf kernels coincides with the one 
in [19] and [T]. Let F co ^ and CC "^F be the subalgebras of coinvari- 
ants [TH 3.4], also denoted by RKer0 and LKer0, respectively, in [3]. 
A characterization of HKer</> in [19] and [1] yields immediately inclu- 
sions HKer0 C LKer</> PI RKer0. On the other hand, the equalities 
HKer0 = RKer0 = LKer0, hold provided RKer0 or LKer0 are Hopf 
subalgebras of F by the arguments [31 4.19] or [TJ 1.1.4]. 

A major drawback of Definition 11.11 is that it does not guarantee, 
in general, that l(A) coincides with either one of subalgebras of coin- 
variants. That is, HKer0 is, in general, not equal to RKer</>. This is 
already easy to see for any Taft Hopf algebra |22j with respect to the 
standard epimorphism it : A — > kG, G a cyclic group generated by T 
in the notation of [T9~| Ex. 1.2]. In this case HKer7r is zero, i.e. equals 
to k, while RKer-zr is |G [-dimensional. An example of a weak extension 
(S) with l(A) ^ RKer7r D LKer7r is harder and can be found in [191 
Ex. 1.2]. We adopt the following definition of a Hopf algebra extension. 

Definition 1.2. A Hopf algebra C is said to be an extension of B by 
A if C is a weak extension of B by A and HKer0 = RKer0. 
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We add some comments about the definition. The equality HKer0 = 
RKer0 is equivalent to HKer</> = LKer0 and thanks to [3, 4.13] we have 
that l(A) is normal in C . It then follows from [19] that HCokert = 
l(A) + C = Ci(A) + . In consequence our definition coincides with the 
definition of extension in [2]. If A is finite-dimensional, it is equivalent 
to H.-J. Schneider definition of strict extension in [19]. To see the 
latter, use [191 L.2.1(2)] to obtain that C is faithfully flat A. Conversely, 
assuming A is normal and C is faithfully flat over A, apply [20, Remark 
1.2] or PH 3.4.3] to derive l(A) = RKervr. 

In the case of a finite-dimensional C weaker conditions suffice. Namely, 
a sequence (S) with i linear monomorphism, ir linear epimorphism is 
an extension if either i(A) = C con or Ker7r = l(A) + C. For details see 
3.3.1]. 

1.2. Abelian Extensions. We assume in what follows the ground 
field k to be an algebraically closed field of characteristic and C to be 
a finite-dimensional Hopf algebra. An extension (S) is called abelian 
if A is commutative and B is cocommutative. It is well-known [TU| 
Theorem 1] and [18, 2.3.1] that in this case A = k G and B = kF for 
some finite groups G and F. Below we consider only extensions of this 
kind and we use the notation 

(A) k G A H \ kF. 

Of the crucial importance to the sequel is a theorem [20] 2.4] and [TJ1 
3.5] asserting if is a kF-crossed product over k G Q The theorem entails 
the existence of a mapping called section ( see, e.g. [21 3.1.13]) 

(1.3) x-^F^H 

giving rise to the crossed product structure on H. Thus H = k G x(F) 
with the multiplication 

(1.4) (ax(x))(a'x(y)) = a(x(x)a'x' 1 (x))x(x)x(y) 

(1.5) = a(x(x)a'x~ 1 (x))[x(x)x(y)x' 1 (xy)]x(xy) 
for a, a' e k G , x,y G F 

The mapping i®a4 x.at := x{ x )ctX~ l { x ) defines a module-algebra 
action of F on k G and the function a : F x F — >■ k G ,a(x,y) = 
x{x)x{y)x~ 1 {xy) is a left, normalized 2-cocycle for that action [HI 
7.2.3]. The definition of action is independent of a choice of section. 
This can be made more precise. Let us write Sec(kF, H) for the set 
of all sections of kF in H. Next define the group IR = Reg x e (kF, k G ) 
of all convolution invertible mapping preserving the unit and counit. 



A short independent proof for abelian extension is given in the Appendix 
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Identifying i(A) with A, Sec(B, C) becomes an M-set under multiplica- 
tion by convolution, viz. /.% = /*Xi/^j6 Sec(kF, k G ), and by 
[T8| 7.3.5] Sec(kF, H) is a transitive IR-set. The claim follows, for f *x 
evidently induces the same action as %. 

The theory of extensions depends fundamentally on the fact that for 
each sequence (S) its companion sequence 

(5*) B* £ C* ^ A* 

is also an extension, see [U 4.1] or [2j 3.3.1]. In the abelian case (kF)* = 
k F and also (k G )* = kG via the Hopf isomorphism 

ev : kG ->• k G ,ev(g)(a) = a{g) for alia G k G 

Thus every diagram (A) induces a diagram 

(A*) k F >-» H* -» kG 

A crossed product structure on H* is effected by a section 

(1.6) io : kG JT 

We choose to write ff* = w(G)k F with the multiplication 

(1.7) (u(a)P)(u(b)0') = oj(ab)r(a, 6)(/5.6)/3', 
where for a,b e G, (3, (3' e k F 

(1.8) 0.6 = w" 1 (6)/3o;(6),and 

(1.9) r(a, 6) = co~ l (ab)u(a)uj(b). 

We note that r : G x G — > k F is a right, normalized 2-cocycle for the 
action /3 ® 6 i— >■ Below we write a; for x( a; ) an d a for a; (a). 

The left action of F on k G induces a right action of F on G by set 
permutations of G. Namely, we define the element a<x by the equality 

(1.10) (x.f)(a) = f(a<x) for all / G k G 

Noting that an algebra action permutes minimal central idempotents, 
the action '<' is related to the action of F on k G in the basis {p a \ct G G} 
PI by 

(1-11) x.p a =p a<x -i 

For, x.p a = p b iff (x.p a )(b) = 1. Now, (x.p a )(b) = p a (b < x) = 1 iff 
6 < x = a, hence 6 = a < x^ 1 . 

Similarly, the right action of G on k F induces a left action of G on 
F by permutations denoted by a > x satisfying the property 

(1-12) Px-a=Pa-i>x 
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We fuse both actions into the definition of a product on F x G via 

(1.13) (xa)(yb) = x(a>y)(a<y)b 

It was noted by M.Takeuchi [23] that composition 11.131 defines a group 
structure onFxG provided the actions >, < satisfy the conditions 

(1.14) ab<x = (a< (b>x))(b<x) 

(1.15) a t> xy = (a > x)((a < x) > y) 

We use the standard notation F ix G for the set F x G endowed with 
multiplication (II. 13ft . 

1.3. Co-crossed Coproducts. Fundamental to the theory of abelian 
extensions is an explicit description of the coalgebra structure of the 
dual coalgebra of a crossed product algebra H = Aj^ a B [18], A and 
B finite-dimensional. The coalgebra H* is an example of a co-crossed 
co-product of the coalgebra A* with bialgebra B* . Coalgebras of this 
type were introduced in [TT] , generalizing an earlier construction in [17] 
and studied in pQ. The formula below is [H] p. 9] and [TJ 2.15], though 
we derive it rather than postulate. We need some preliminaries. We 
identify H* with A*®B* via the pairing (a* <g)b* ,a®b) = (a*, a)(b*, b). 
A weak action r : B®A — > A induces a weak coaction p : A* — > B*®A* 
via 

(1.16) p(a*) = (a*) (1) <g> (a*) (2) <£> a*(b.a) = (a*) (1) (6)(a*) (2) (a). 

Next, the 2-cocycle a : B ® B — > A induces a 2-co-cocycle 
9 : A* -»■ B* <g> B* as follows 

(1.17) 0(a*) = (a*) (1> ® (a*) <2> <S> a>(&,6')) = (a*) (1) (&)(a*)< 2 >(&')- 

Finally, we use notation (a*)i ® (a*) 2 for the coproduct in A* and a 
similar notation in B*. We agree to write a* e jj 6* for a* <g> 6* viewed as 
an element of the co-crossed co-product coalgebra H* . 

Lemma 1.3. Let Ah* and e#* be the structure maps of H*. 
There hold the formulas: 

A H .(a1 b*) = (aVtl (^tfV)^*)! ® rf'ii (a*)?(&*)2, 
eH *(a* e tl 6*) = a*(U)6*(lB). 

PROOF: By definition of A#* and multiplication in if [TH], 7.1.1] 

A H «(a* e % 6*)(a# ff 6 ® a'# a 6') = (a* ® 6*, (a# (T 6)(a'# (T 6 / )) 

= a*(a(6 1 .a>(6 2 ,6' 1 ))6*(6 3 6^). 
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Expanding the right-hand side of the last equality using ( 11. 16ft and 
(I1.17P and reshuffling factors we get 

(a*) 1 (a)(a*)( 1) (6 1 )(a*)f ) (a / )(«*)i 1> (& 2 )(a*)f (fii)(6*)i(6s)(6*) a («4) 

= (a*) 1 (a)[(a*)«(a*)i 1) (6*) 1 ](6)(a*)( 2) (a')[(a*)f (&*) 2 ](6'), 

which is the the first formula. The formula for the counit is just 
(a* <g> 6*,U® 1b)- □ 
We return to abelian extensions. We introduce some notation. For 
a group T we let T n be the direct product of n copies of T. Let F and 
G be groups. We abbreviate (xi, . . . , x n ) G F n and (ai, . . . , a m ) e G m 
to x and a, respectively. We note that every a : F n — > (k 6 "™)* can be 
uniquely represented in the standard basis {pgja G as 

(1.18) a(:r) = /J q(^)(q)Pq,- 

There a (x, a) : = a (x) (a) is a mapping F n x G m — y k" . Conversely, ev- 
ery : F n x G m — )■ k* gives rise to two mappings 0' : F n — >■ (k 6 "" ) and 
0" : G m -> (k Fn )' via (TLT81) for 0' and the formula 0"(a) = £ 0(x, a)p^ 
for 0". Let Fun(X, Y") be the set of mappings from a set X to a 
set Y. We arrive at the conclusion that the groups Fun(F n , (k Gm )*), 
Fun(G m , (k F ")') and Fun(F n x G m ,k m ) can be identified. 

Proposition 1.4. Suppose H = k G # a kF. The structure mappings of 
coalgebra H* are given by the formulas 

(1.19) 

A H * (a <g> p) = 2J V' a ) a ® Vxfix Pyfii-, a e G,(3 e k F , 

x,y&F 

e(a<g>/3) = f3(l F ) 



PROOF: By the preceeding Lemma we need to know the coaction p : 
kG — > k F <g> kG dual to the action of F on k G or, equivalently, to 
the action of F on G (see (jl.lip ). As well, we need a formula for the 
co-cocycle 9 : kG — > k F £g> k F . These formulas are as follows: 

(1.20) p(a) = /;Px ®a<x 

x£F 

(1.21) 9(a) = <r(x,y,a)p X QS) Py 

x,ydF 
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To show the first formula, begin with the expression p(a) = ^2 yeF p y <S> 
r y with r y G kG. Apply f l 1 . 1 6 j) and calculate 

(p(a),x®p b ) = ev(a)(x.p b ) = {x.p b )(a) = p b<x -i{a) = 5 b , a<x 

On the other hand (p(a),x®p b ) = ^2p y (x)p b (r y ) = p b (r x ). Say r x = 
^fcjC,fcj 6 l,c G G. From p b (r x ) = k b x = 5 b;a<x we get the equality 
r x = a<x, which is the result. 

To see the second formula, we use ( 11.171) to compute 

(9(a), x <g> y) = ev(a)(a(x, y)) = <r(x, y, a) 

which gives the result. 

Substituting those expressions of p and 6 in Lemma 11.31 gives the 
first statement. To compute the counit use the fact that l k c = e G . □ 

Remark 1.5. Starting off with the crossed product H* = kG# T k F , 
an argument similar to the one in Proposition 11.41 gives the coalgebra 
structure mappings for H [161 P-7], namely 

(1.22) A H (a <g) x) — 2_, T i x , a > fyotipa <8> b > x <g> a 2 p b ® x 

a,beG 

e H (a <g> a) = a(l G ) 

1.4. Compatible Cocycles and Equivalence Relation. The dis- 
cussion in §1.21 enables us to associate to every Hopf algebra if in a 
diagram (A) a datum {a, r, <,>} and we write H = H(o~,t,<,>). Two 
data a, < and r, > appearing in the crossed products H and H* are 
compatible if the coalgebra structure induced in H by multiplication 
in H* (or equivalently in H* by multiplication in H) turns H (or H*) 
into a bialgebra, hence a Hopf algebra [2, 3.1.12]. The compatibility 
conditions are derived using (11.19P or fll.22p . They can be found in [161 
4.7] as follows. 

Theorem 1.6. (1) F exi G is a group, 
(2) tr(a;, 2 /,l) = l = r(a,6,l) l 

, s a(x, y, afe)cr _1 (6 > x, {b < x) > y, a)cr _1 (x, y, 6) 
^ ' = r(a, b, x)r(a < (6 > x), 6 < x, y)r _1 (a, 6, xj/) 

The second key concept of the theory is equivalence of extensions. 
Following [61 3.10] we call two extensions E = (A >—> C -» B) and 

E = (A >— > C -» 5) equivalent, and write ~ , if there is a Hopf 
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algebra map if> : H — )■ H' making the following diagram commute 

A — H — B 



;i.23) 



A —i—)- #' — B 



We let Ext(kF, k G ) stand for the set of equivalence classes of extensions 
of type (A). We designate Opext(kF, k G , <, >)) for the set of equivalence 
classes of extensions with the fixed actions < and >. We proceed to 
describe equivalent extensions precisely. As a preliminary we introduce 
groups Map(F n x G m ,k.') of all normalized mappings, i.e. / : F n x 
G m — > k* such that f(x x , . . . , x n , a\, . . . , a m ) = 1 if some of x%, . . . , x n 
or a\ . . . , a m are equal to lp or Iq, respectively, under the pointwise 
multiplication. We define actions of F and G on Map(F n x G m ,k') as 
follows. For any / : F n x G rn ->■ k', 

(1.24) 

y.f(xx, x n , ai, a m ) = f{x x , x n , a x < (a 2 ■ ■ ■ a m > y), a m < y) 
(1.25) 

f(xi, ...,x n ,ai, ...,a m ).b = f{b>x u (b<Xf ■ ■ x„_i) > x n , a u ...,a n ), 

where all Xi, y G and a,, 6 G G. 

The formulas below reflect the fact, standard in the theory of exten- 
sions, that an equivalence is just a diagonal change of basis. They are 
particular cases of [61 3.11] and also [161 5.2]. Combining [161 3.4]or 
[HI 7.3.4] with dTTSD or (02]) one can show 



Lemma 1.7. Two extensions defined by data {a, r, <,>} and 

{a', r', <', '>} are equivalent if and only if< — <',> — '> and there exists 

( G Map(F x G,k') satisfying 

(1.26) a'(x, y, a) = a(x, y, a)(x.C 1 (y, a))({xy, a)C~ 1 (x, a), 

(1.27) T '{ x i a ? b) = t(x, a, b)(((x, a).b)((x, a6) _1 C(x, 6) 

The mapping if) of (jl.23p is given by if) (ax) = a((x)x for all a G 
k G ,x G F. 

We shall need the dual version of the above Lemma. We agree to 
write H*(a, r, <, >) for H(a, r, <, >)*. 



Lemma 1.8. H*(o~, r, <, >) and H*(o~' , r' ,<' />) are equivalent exten- 
sions if and only if < = <',> = '> anc? t/iere exists n G Map(F x G, k*) 
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for which there holds 

(1.28) t'(x, a, b) = t(x, a, b)(rj(x, a).6) _1 ^(x, ab)rj(x, b)~ x 

(1.29) cr'(x, y, a) = a(x, y, a)(x.T](y, a))rj(xy, ay l r](x, a) 

We give a cohomological characterization of the equivalence relation 
and compatibility. To this end we review definition of the 2 nd coho- 
mology group of a matched pair of groups (F, G) following [16] . 

We will be concerned with abelian groups Map(F n x G m ,k'). Our 
interest lies in the 2 nd cohomology group. Therefore we limit ourselves 
to defining differentials on groups Map(F n x G m ,k') with n = 1 or 
m — 1. We define two kinds of differentials, 5if '■ Map(F x G m ,k*) — > 
Map(F 2 x G m ,k 9 ) and 5 rG : Map(F n x G,f) Map(F n x G 2 ,k 9 ) 
called the right and left differential, respectively. These are defined by 

(1.30) (5i F f)(x, y,ai,..., a m ) = (x.f(y, ai, . . . , a m ))f(x, ax,..., a m ) 

f{xy,ax,...a m )~ 1 

(1.31) (S rG f)(xx, ...,x n ,a,b) = {f{xx, . . . , x n , a).b)f{x 1 , ...,x n ,b) 

f(xx, ■ ■ .,x n ,ab)~ l 

We note that the above definitions are the familiar ones in group co- 
homology. For, by the remarks preceeding Proposition (11 .4p . Map(F x 
G m , Ik*) can be identified with a subgroup of 1-cochains Map(F, (k Gm )*) 
vanishing on all a with some ai = 1, and then Sif is the standard dif- 
ferential for a left action of F on k 6 "™ . Likewise, 6 r c is the differential 
on a subgroup of 1-cochains of G in (k Fn )* for a right action of G on 
k F ". 

Let Z 2 = Z 2 (F, (k G ) , <) be the group of left normalized 2-cocycles 
a for the left action of F on k G induced by < via (11.111) satisfying 
a{x,y, 1) = 1 for all x,y G F. Similarly, we let Z' 2 = Z l2 {G, (k F )*,>) 
stand for the group of right normalized 2-cocycles r for the right fr- 
action on k F induced by > subject to r(l, a, b) = 1 for all a,b e G. We 
note that r is a right 2-cocycle if r satisfies 

(r(a, b).c)r(ab, c) = r(a, bc)r(b, c). 

The differentials 5 r c, Sif act on Z 2 , Z' 2 , as the latter are subgroups of 
Map(F 2 x G, k') and Map(F x G 2 ,k*), respectively. We can restate 
compatibility condition as follows: a pair of 2-cocycles (a, r) G Z 2 x Z' 2 
is compatible iff 

(1-32) Srda- 1 ) = 5 lF (r). 

We let Z 2 f = Z 2 f (F,G,«,>) denote the subgroup of Z 2 x Z' 2 of all 
compatible pairs. Mappings 5 r c, Sif induce the mapping 
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d : Map(F x G,f) -> Map(F 2 x G,k') x Map(F x G 2 ,k*) by 
d(Q = (<MC _1 )Ag(0) for C G Map(F x G,k'). One can check 
directly that <5^, <5 r G commute on Map(F xG,k'). This implies readily 
that <9(Map(F x G,k')) C Z\ { . We denote this subgroup by B^ = 
Bft { (F,G,<,>) and call it the subgroup of Hopf coboundaries. We are 
led to 

Definition 1.9. We call the group 

H^(F,G,<,>) = Z 2 m /B 2 m 
the second Hopf cohomology group of a matched pair (F, G). 

We will often use the abbreviated notation H^ { . We note that by 
Theorem 11.61 and Lemma 11.71 the elements of parametrize the set 
Opext(kF,k G , <,>)). 

2. COCENTRAL EXTENSIONS 

An extension (A) is called cocentral [8] if k F is a central subalgebra 
of H*. We collect some properties of cocentral extensions in- 

Lemma 2.1. (1) An extension (A) is cocentral iff G is a normal sub- 
group of F ixi G in which case F Xl G is a semidirect product F x G. 
(2) If (A) is cocentral, then A k G is F -linear. 

Proof: To see (1) observe that G is normal iff a > x = x for all a G 
G,x G F . On the other hand k F is cocentral iff p x .a = p a -i> x = Px by 
fll,12p . The rest of part (1) is immediate from (11.141) . 

For (2) we must show the equality A k a(x.p a ) = x.A k a(p a ). On the 
one hand we have 

X.A k c{p a ) = ^ X 'Pb ® X -Pc = ^2 Pb<x~i ® Pc«B-l- 
bc=a bc=a 

In the second place 

A k a{x.p a ) = A k a(p a<x -i) = ^2 Pe®Pf 

ef=a<x~ 1 

It remains to notice that the mappings (6, c) (-> {b<x~ l , c<x~ 1 ), (e, /) h-> 
(e<2E, /ox) give a bijective correspondence between the sets {(6, c)|6c = 
a} and {(e, f)\ef = a<x~ 1 } as the action '<' is by group automorphisms. 

□ 

In the rest of the section we consider extensions (A) satisfying con- 
ditions 

(2.1) k F is central inH* and# 2 (F, ((k G )') = {1}. 
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Lemma 2.2. Under assumptions ( 12. ip every extension H(a,r,<) is 
equivalent to an extension H(l,r',<) 

PROOF: By assumption a = 5if(, C £ Map(FxG, k'). Then by Lemma 
11.71 the mapping if> : H(a,r,<) — > H(1,t', <), if) (ax) = a((x)x,a G 
k G ,x G -F with t' given by (I1.27P is the required equivalence. □ 
These types of extensions have been studied by M.Mastnak [12]. We 
adopt his definition of the second Hopf cohomology groups in the next 

Definition 2.3. We let Z 2 (kF, k G , <) denote the group of all elements 
r of Z' 2 (G, (k F )',id) satisfying 5 lF (r) = 1. We let B 2 (kF, k G , <) stand 
for the subgroup of 2-cocycles of the form 5 r Gi], rj G Map(F x G,k*) 
satisfying 5ifT) = 1. We define the 2nd Hopf cohomology group by 

H*(kF, k G , <) = Z c 2 (kF, k G , <) /B 2 c (kF, k G , <). 

We often use abbreviated symbols Z 2 ,B 2 and H 2 whenever there 
is no danger of confusion. Explicitly both conditions 5ift = 1 and 
Sift] — 1 are 

(2.2) r(xy)=T(x)(x.T(y)) 

(2.3) rj(xy) = T](x)(x.rj(y)) 

for all x,y £ F. 

Some remarks are in order. By the preceeding Lemma every el- 
ement of Ext(kF, k G ) is determined by a triple {l,r, <} with r G 
Z' 2 = Z' 2 (G, (k F )*,id) subject by Theorem [Df 3) to (Q. Also ev- 
ery compatible pair is equivalent in to a pair (1, r') for some 
t' G Z 2 . Moreover, 5^ fl Z 2 = 5 2 which implies that the mapping 
H 2 — > ■ [1,t)B 2 i — y (1, r)Bft { is an isomorphism. 
We call elements of Z 2 and B 2 Hopf 2-cocycle and 2-coboundaries, 
respectively. We note that as G acts trivially on k F , the difference 
between a left and right 2-cocycle disappears. Therefore we simplify 
the notation Z' 2 (G, (k F )* , id) by dropping out the "' and 'id', and write 
5g for 5 r c- We also define more general semiHopf coboundaries. These 
are elements of 

B 2 := {5 G v\v e Map(F x G,k*)} n Z 2 . 

We need to establish F-invariance of subgroups just defined. 

Lemma 2.4. If F is abelian, then subgroups Z 2 ,B 2 and B 2 are F- 
invariant. 
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PROOF: Siffices to show that for any / G Map(F x G m ,k') and g G 
Map(F™ x G, k*) there holds 



For, setting m — 1, 2, / = r), r and n — l,g — r\ in (I2.4p . fl2.5l) we get 
our statement. 

(12.51) is immediate from definitions in view of G acting trivially on 
F. To show (12.41) we calculate 

x.(Si F f)(y, z,ai,..., a m ) = (5 lF f)(y, z, ai <x, . . . , a m < x) = 
f(y, a 1 <x,...,a m < x)(y.f)(z, a x < x, . . . , a m < x) 
f(yz, ai < x, . . . , a m < x)~ l = f(y, a x < x, . . . , a m < x) 
(xy.f)(z, ai<x,...,a m < x)f(yz, ai < x, . . . , a m < x)' 1 

Switching around x and y in the middle term we get exactly 5ip(x.f). 



We assume from now on that G is a p-group and F = C p is a cyclic 
group of order p for a prime integer p. The group F M G is a p-group 
as well, hence nilpotent. As G has index p in F tx G, G is normal in 
F M G. By Lemma 12.1( 1) the action > is trivial. In addition, as k* 
is a divisible group the group H 2 (C P , (k G )*) vanishes by e.g. [121 4.4]. 
Thus the results of the preceeding section are applicable. We note a 
simple fact. 

Lemma 3.1. Let r G Z 2 (G,(k F )'). Then t(x) is a 2-cocycle for G 
with coefficients in k* with the trivial action of G on k* . 

PROOF: The 2-cocycle condition for the trivial action is 

(3.1) T(a,bc)T(b,c) = T(ab,c)r(a,b). 

Expanding both sides of the above equality in the basis {p x } and equat- 
ing coefficients of p x proves the assertion. □ 
Consider a group F acting on an abelian group A, written multi- 
plicatively, by group automorphisms. Let ZF be the group algebra of 
F over Z. ZF acts on A via 



(2.4) 
(2.5) 



x.(Si F f) = 6 lF (x.f), 
x-(5ag) = S G (x.g) 



□ 



3. Some ^-Groups 
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For F = C p pick a generator t of C p and set 0« = 1 + t + ■ ■ ■ + f 1 , i = 
1, . . . ,p. An easy induction on i shows that condition (12.21) implies 

(3.2) r(f ) = <pi.r(t), for aU i = 1, . . . ,p 
For i = p we have 

(3.3) 4> p .r{t) = 1 

in view of t p = 1 and r(l) = 1. 

Let M be a ZC p -module. Following [13J we define a mapping iV : 
M -> M by iV(m) = <j) p {t).m. We denote by M N the kernel of in 
M. For M = Z 2 (G,f),B 2 {G,f) or F 2 (G,k*) we write Z 2 N {GX) 
for Z 2 (G,k*)iv and similarly for the other groups. We abbreviate 
Zff(G,f) to Z 2 N and likewise for B 2 (G,f) and if 2 (G, k*). 

Definition 3.2. We call a 2-cocycle s G Z 2 (G,k*) admissible if s sat- 
isfies the condition 

(3.4) <p p .s = 1 

Thus by definition the set of all admissible cocycles is Zfj. We note 
that Zfj is a subgroup of Z 2 as 7LF acts by endomorphisms of Z 2 . 
We want to compare abelian groups Z 2 and Z 2 ^. This is done via the 
mapping 

9:Z 2 ^Z 2 N , e{r)=r{t). 

Lemma 3.3. The mapping 9 realizes a C p -isomorphism between Z 2 
and Zjj. 



Proof: We begin with an obvious equality x.{j{y)) = (x.r)(y). Taking 
y = t we get 6(x.t) = x.6(t), that is C p -linearity of 9. The relations 
( 13.21) show that 9 is monic. It remains to establish that 9 is epic. 

Suppose s is an admissible 2-cocycle of G in kV Define r : G x G — > 
(k F )* by setting r(f) = <pi(t).s, 1 < i < p. The proof will be complete 
if we demonstrate that r satisfies (12. 2p . 

For any i, j < p we have 

r(f)(f .r(t*)) = (0i(f).a)(fVi(*)-«) = +*Vi(*)) ■« 

p+m— 1 

Say 2+ j = p + m. One sees easily that 0j(/f:) +t l 0j(t) = t fc . Hence 

fc=0 

if i + j < p we have 0j(t) + t l 0j(t) = 4>i+j(t) and so t(£ 1 )(£\t(£ j )) = 

p+m— 1 

r(f If m > 1, then ^ t fc = <j> p (t) + t p (l + ■■■ + t" 1 " 1 ) which 

fc=0 
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p+rn— 1 

implies ( fk )- s = Mt)- S ■ t P ^m{t).s = <pm(t).s = r(t i+j ) by (H 

k=0 

and as t p = 1. □ 
The next step is to describe structure of B 2 . We need some pre- 
liminaries. We write 8 for the differential on the group of 1-cochains 
of G in k\ We also note B 2 N = B 2 (G,f) n Z 2 N . By <$M) 5f G B 2 N 
iff (j) p (t).5f = 1 which, in view of 8 being G p -linear, is the same as 
8((f> p (t).f) = 1. Since (8f)(a,b) = f (a) f '(b) f (ab)' 1 , Ker<5 consists 
of characters of G, whence 8f G B 2 N iff (j) p (t).f is a character of G. 
Put G a b = G/G' and note that the group of characters of G can 
be identified with that of G a b denoted G a b- Note also that C p acts 
on G a b as G is a characteristic subgroup of G, hence on G a b- Say 
X = 4> P (t)-f G G a b- Then as t(f> p (t) = <f> p (t), x is a fixed point of the 

- — — Cp 

Gp-module G a b- We let G a b stand for the set of fixed points. Pick a 
ZC P - module M. Taking M = G a b the theorem [T3J, 7.1] gives the equal- 
ity H 2 (C P ,G2) = GZ Cp /N(G2). We connect B 2 N to H 2 (C P ,G2) via 
a homomorphism 

(3.5) $ : B 2 N -> iJ 2 (G p , G~2),Sf^ (<P P .f)N(G~2) 

Lemma 3.4. The following holds 

(i) 0(B 2 S ) = B 2 N , 

(ii) 9(B 2 ) = ker 

(iii) fl&/ker$~ # 2 (G p ,G ab ). 

Proof: First we show that $ is well-defined. For, 5/ = 8g iff /g -1 = 
X G G ab , hence 

$(5/) = (<j> P .f)N(G7 b ) = (0 p .gx)N(G7 h ) 
= (4> p .g ■ (p p -x)N(G~Z) = (4> p .g)N(G7 b ) = <5>(8g) 

(i) Take some <5 G r? G £? 2 . Evidently (*) 5 G r]))(x) = 8(r}(x)),x G G p , 
hence 6 (5 erf) = 8r](t) is a coboundary with <f) p .5(r)(t)) = 1, whence 
6(801]) G Conversely, pick 5f G -B 2 ^ and define u = Yl^ii&i-S f)Vp ■ 
The argument of Lemma [3731 shows ui lies in Z 2 . Set 77 = Y^i=xi ( t ) i-f)Pt i - 
Using (*) again we derive 



hence 5 G r] G -B 2 . Clearly 0(8 G rf) = 8f. 
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We take up part (ii). The argument of Lemma [3.31 is applicable to 
1-cocycles satisfying (I2.3p . It shows that 77 satisfies (I2.3P iff 

(3.6) 77(f) = fa.vtt) 

For % = p we get 4> p .rj{t) = e, hence the calculation 

H0(6 V )) = $(<%(*))) = (<f> p . v (t))N(G2) = N(GZ). 

gives one direction. Conversely, $(£/) = iV(G a b) means <fi p .f = 4> P -X 
which implies — e - Set g = fx' 1 an d define a 1-cocycle 

Vg = Yfi=x{4>i-g)Vti- Since <f) p .g = e, r\ a satisfies (Q forcing S G r] g G B 2 . 
As {SGTj g )(t) = 5g = 5f by construction, O^G^g) = Sf. 

(iii) We must show that $ is onto. For every character x m G p we 
want to construct an / : G — > k* satisfying <f) p -f = X- To this end we 
consider splitting of G into the orbits under the action of C p . Since 
every orbit is either regular, or a fixed point we have 

G = U r i=1 {gi, gi<t,..., gi < t p - 1 } U G Cp 

For every s G G Cp we pick a p s G k satisfying fP s = x( s )- We define / 
by the rule 

f(9i) = X(9i), f(9i < t J ) = 1 for all j ^ 1 and alH = 1, . . . , r, and 
f(s) = p s for every s G G Cp 

By definition (4> p .f)(g) = Yl^Zl f(g <t j ). Therefore = p? = 

%(s) for every s G If g = gi < P for some then a calculation 

(<fi P -f)(g) = f(9i) = x(j9%) = x(9i<V) = X(g), which uses the fact 
that x is a fixed point under the induced action by C p , completes the 
proof. □ 
We proceed to the main result of the section. 

Proposition 3.5. Suppose G is a finite abelian p- group if p > 2, or 
an elementary abelian 2-group. There exists a C p -isomorphism 

(3.7) H 2 C ~ H 2 (C P , G) x H 2 N (G, k') 

PROOF: (I) First we take up the p > 2-case. By the two preceeding 
lemmas we have H 2 ~ Z^/ker<3>. We calculate the latter quotient. 

We note that for any p there is a group splitting 
Z 2 (G, k') = B 2 {G, k') x H 2 (G, k') due to the fact that the group of 1- 
cocycles k ,G is injective, and hence so is B 2 (G,k.'). We aim at finding 
a Cp-invariant complement to B 2 (G,k*). To this end, following [2U 
p. 157] we define a group epimorphism a : Z 2 (G,k') — > Z 2 (G,k') as 
the antisymmetrization mapping sending z G Z 2 (G,k') to a(z) defined 
by a(z)(a,b) = z(a, 6)z _1 (6, a). It is immediate that a is C p -linear. 
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For a finite abelian group G we denote by Alt (G) the group of all 
bimultiplicative alternating functions 

(3 : G x G — > k m , j3(ab,c) = (3 (a, c) f3(b, c) , and (3(a, a) = lfor alia G G. 

One can verify [2U Thm. 2.2], that ima = Alt(G) and, moreover, 
ker a = B 2 (G,k*). The latter is a consequence of the observation (cf. 
[24"t Prop. 2.1]) that over an algebraically closed field every symmetric 
z, i.e. such that z(a,b) = z(b,a), is a coboundary. As a corollary we 
note a G p — isomorphism H 2 (G,k') ~ Alt(G). 

For every (3 = a(z) a simple calculation gives a((3) = (3 2 . Since 
elements of Alt(G) are bimultiplicative mappings, they have orders 
dividing the exponent of G. Thus a[fi) ^ 1 for all (3 G Alt(G). It 
follows B 2 (G,k') fl Alt(G) = {1}. We arrive at a splitting of abelian 
groups 

Z 2 (G,k') = B 2 (G,k') x Alt(G) 
But now both subgroups B 2 (G,k') and Alt(G) are C p -invariant hence 
the above splitting is a C p -splitting. Taking ker iV of both sides of the 
last displayed equation we obtain Zj ! (G,k*) = B^{G, Ik*) x AltTv(G) 
which, in view of Alt(G) = H 2 (G, k*), is the same as 

(3.8) Z 2 N = B 2 N xH 2 N (G,k')- 

Now part (iii) of Lemma [3.41 completes the proof of part (1). □ 
(2). Assume G is an elementary 2-group. First we establish an 
intermediate result, namely 

Lemma 3.6. Z 2 N is a nonsplit extension of Alt^(G) by B 2 N . 

PROOF: The restriction of a* of a to Z 2 N induces a C2-homomorphism 

Z 2 N 4 Altjv(G). We have ker a* = B 2 n Z 2 N = B%. It remains to 
determine ima* and show nonexistence of an invariant complement to 
B 2 N . 

We begin by constructing a basis of AltTv(G). Set R = Z2C2 for the 
group algebra of C 2 over Z 2 . R- module G decomposes as 

(3.9) G = i?i x • • • x R m x G 

where Ri ~ R as a CVmodule, and Go = G° 2 . Denote by t the 
generator of G 2 . For each i let {x2i_i, x 2 i} be a basis of Ri such that 
t.xn-\ = Xn- We also fix a basis {x 2m +i, . . . , x 2n } of G . 

We associate to every subset {i,j} a bilinear form a^- by setting 

Oij(xi,Xj) = Oiij(xj,Xi) = -1, anda i:j (x k ,xi) = lfor any {k, 1} ^ {i,j}. 

One can check easily that t acts on basic elements as follows 

(3.10) t.ctij = aw if and only if t.{xi,Xj} = {xk,xi}. 
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We define elements via 

(3.11) (3ij = <t>2-dij if t.dij 7^ aij, and = a^-, otherwise. 

The label ij on 0^ is not unique as /%j = /3m whenever x,, } = 
Of the two sets {i, j} and {k,l} labeling 0^ we agree to use 
the one with the smallest element. We pause to prove a lemma. 

Lemma 3.7. The elements {/%} form a basis of Alt^{G). 

Proof: Suppose f3 G A\t N (G). Say f3 = Yla~ j , = 0,1. From 
t.(3 = n(^ a «i) eiJ = /3 we see that if «y occurs in (3, i.e. = 1, then 
so does t.ctij, hence (3 is a product of fy. □ 
We return to the proof of Lemma 13.61 We aim to show a* is an 
epimorphism. First we show 2 -Alt(G) C ima*. For, if = <p2-ct, pick 
an s G Z 2 with a(s) = a. Then (t — l).s G Zfj, and a((t — l).s) = 
(t — l).a(s) = (t — l).a = 4>2-Q. = (3, as a 2 = 1, which completes the 
proof. 

By Lemma I37H and definition (13. lip it remains to show that all fixed 
points fyj lie in ima*. By formula (I3.10p is a fixed point if and only 
if either (i) {i,j} C {2m + 1, . . . , n} or (ii) {i,j} = {2k — 1,2k} for 
some k, 1 < k < m. 

We construct a copy of Alt(G) in Z 2 . To every ordered pair ^ 
j we associate a bimultiplicative function Sij G Z 2 by the formula 

\ x k i x l) | j | 

We note that a simple verification gives a(sij) = a^. 

Consider case (i). We claim Sj .j is a fixed point. For, i.Sjj is bimulti- 
plicative, hence is determined by its values at (xk,xi). It is immediate 
that t.Sij(xk,xi) = Sij(xk,X[) for all (xk,xi), whence the assertion. 
Since s 2 j = 1 for all (p2-Si,j = 1, hence Sjj G Zjy. As a(sjj) = a^, 
this case is done. 

We take up (ii). Say z = S2i-i,2i for some i, 1 < i < m. An easy 
verification gives <p2-z = OL2%-vn ^ 1. Thus z ^ Z 2 ^. The proof will 
be completed if we find a coboundary Sgi such that zSgi G Z 2 N . Since 
a(a2j-i2i) = l,Q!2i-i2j = for some /, : G -»■ k*. Put Gj for the 
subgroup of G generated by all Xj,j ^ 2i — 1, 21 We assert that one 
choice is the function /j defined by 

/i^-i^') = {-l) jl+h+jlj2 for all x' G G, 
For, on the one hand it is immediate that for any x', x" G Gi 

Ct2i-12i(x2i-l X 2i X > X 2i-l X 2i X ) = ( — l)^* 2+J2 1 
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On the other hand the definitions of fi and differential 5 give 

^ffJi ™ia ' ki k 2 //\ 
O < /i^2i-l x 2i J/ 5 Jj 2i-l x 2i x J 

_ f]\jl+32+jlj2 ^_^k 1 +k 2 +k 1 k 2 ^_^yi+k 1 +j 2 +k 2 + (j 1 +k 1 )(j 2 +k 2 ) 
= ^_iyik 2 +j 2 ki 

Define a function gi : G — > k* by gi{x J 2 i__ 1 x 3 2 2 i x') = i J1+J2+ - Ji:72 where i 2 = 
— 1. One can check easily the equalities /? = 1 and t.gi = g iy g 2 = fi. 
Hence we have fi{4> 2 .gi) = fi9i = fi = 1, and then a calculation 

<t>2-{z8gi) = {<t>2-z){<t>2-8gi) = Sfi ■ 5((j) 2 .gi) = 8{fi{<j)2-gi)) = 1 

completes the proof of a* epimorphism. 

Suppose Z 2 N = BIj x C where C is a C 2 -invariant subgroup. Then 
C is mapped isomorphically on A\t^{G) under a and so there is a 
unique z G C such that a(z) = a.\ 2 . Since a(si j2 ) = oti 2 , z = s^ 2 8g 
for some g : G — > Ik*. Since «i2 is a fixed point a(t.z) = «i2 as 
well, hence t.z = z. Further, Alt(G) is an elementary 2-group, and 
therefore 1 = z 2 = (si, 2 5g) 2 = (5g) 2 = S(g 2 ). It follows that g 2 is a 
character of G. Moreover, t.z = z is equivalent to t.si, 2 (t.5g) = Si^Sg 
which in turn gives Si j2 (t.s 12 )(t.5g) = 5g. As (p 2 .Si t2 = «i2 = bfi we 
have Sf\(t.5g) = 5g which implies 5fi = 5g(t.5g) as 5g has order 2. 
Equivalently we have the equality 

(3.12) fx = g ■ (t.g) ■ x for some x e G. 

Noting that fi is defined up to a character of G we can assume that 
fi( x i) = 1 = fi(%2) and /i(a;ia;2) = —1. The equality (13.121) holds if 
and only if (*) 1 = frfe) = g(x 1 )g(x 2 )x(xj), j = 1, 2 and 
(**) _1 = f 1 (xiX2) = g(xix 2 ) 2 x( x i x 2) as t swaps xi and x 2 . Since g 2 
is a character, g 2 (a) = ±1 for every a G G. It follows that g(xj) = 
i m , < m < 3. Say, #(£1) = i m and ^(^2) = i k - Then equation (*) 
gives 1 = i m+k x{xj). This equality shows that xi x i) = X( x 2) and m + k 
is even, because xi a ) = =tl f° r all a. Now (**), and the fact that g 2 is 
a character, gives —1 = g 2 (xi)g 2 (x 2 )x(xi)x(x 2 ) = i 2 ( m+fc )i~ 2 ( m+fc ) = 1, 
a contradiction. This completes the proof of the Lemma. □ 
We return to the proof of the p = 2 part of the Proposition. Let G 
be a group with decomposition (13. 9p . Set C to be the subgroup of Z\ 
spanned by a set B = B' U B" U B'" where 

B' = {4> 2 .Sij\i < j and OLij is not a fixed point} 
B" = {s itj \i < j and {i, j} C {2m + 1, . . . ,n}} 
B'" = {s2i-i,2i6gi\i = 1, . . • , m}. 
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There 8gi is chosen as in the proof of case (ii) of Lemma 13.61 Passing 
on to Zfj I ker $ we denote by B\ and C the image of those subgroups 
in Z^/ker$. Pick a v G B. If v G B' U B" then v 2 = 1 because the 
corresponding sy has order 2. For t> = s 2 i-i ;2 iSgi, v 2 = 5g 2 = 8 fa. We 
know t.fi = fi and f 2 = 1 and therefore fa.fi = 1, whence <5/j G ker<I> 
by definition (|3.5p . It follows that v 2 = 1 for all v £ B. Furthermore, 
by Lemma [3T61 the mapping a sends B to the basis of Alt n (G) described 
in Lemma I3T71 Therefore C is isomorphic to Altjy(G) at least as an 
abelian group and forms a complement to Fj^ in Z^/ker$. Since 
Altjv(G) consists of fixed points the proof will be completed if we show 
the same for C. The fact that B' U B" consists of fixed points follows 
from tfa = fa and the case (i) of Lemma 13.61 For an s 2 i-i, 2 i8gi, the 
equality fa.s 2i -i, 2 i = s 2 i-i,2i(t-s 2 i-i,2i) = a 2 i-ui = 6fi gi ves t.s 2i _ h 2i = 
S2i-i,2i8fi- Since Sfi G ker $ and t.Sgi = 5gi we see that S2i-\^gi is a 
fixed point in Z^/ker$ which completes the proof. □ 

4. The Isomorphism Theorems 

In this section we work with even more special p-groups, namely, we 
assume G to be abelian. We begin, though, with a general observation. 
Let H be be an extension of type (A). The mapping tt induces a kF- 
comodule structure p n on H via 

(4.1) p 7T :H^H®kF,p 7r (h) = h 1 ®7t(h 2 ). 

H becomes an F-graded algebra with the graded components Hf = 
{h G H\p n (h) = h <S) /}■ Let % '■ ~> H be a section of kF in H. By 
definition \ is a convolution invertible kF-comodule mapping, that is 

(4.2) pAx(f)) = X(f) ® /, for every / G F 

Set / = The next lemma is similar to [161 3.4] or [181 7.3.4]. 

Lemma 4.1. For even/ / G F t/iere /loWs iif/ = k G / 

PROOF: By definition of components Hi = H con which equals to k G by 
the definition of extension. By the equation (14.21) p n (f) = /<8> /, hence 
k G f C Hf. Since the containment holds for all /, the equalities 

H = ® feF Hf = © /eF k G 7 

force the equalities Hf = k f for all / G F. □ 

Definition 4.2. Given two F-graded algebras H = @Hf and H' = 
@H'f and an automorphism a : F — > F we say that a linear mapping 
•0 : H — > H' is an a-graded morphism if ip(Hf) = H',^ for all / G F. 
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Lemma 4.3. Suppose H and H' are two extensions ofkF by k G and 
ip : H H' a Hopf isomorphism sending k G to k G . Then ip is an ag- 
graded mapping for some a. 

PROOF: Suppose H and H' are given by some sequences 

k G A H \ kF, and k G ^ H' X kF 

By definition of extension 11.21 Ker 7r = H(k G ) + and likewise Ker7r' = 
H'(k G ) + . By assumption tp(k G ) = k G , hence ip induces a Hopf iso- 
morphism a : H/H(k G ) + H'/H'(k G ) + . Replacing H/H(k G ) + and 
H' / H'(k G ) + by kF we can treat a as a Hopf isomorphism a : kF — > 
kF. a is in fact an automorphism of F . We arrive at a commutative 
diagram 

k G — -5— ► F — ?->■ kF 



k G — ► F' —5—>. kF 
Since ip is a coalgebra mapping for every / G F we have 

Aj^C/)) = (V> ® V»)Ah(7) = V((7)i) ® ^((7) 2 ), hence 

M^(7)) = ^((7)0 ® AK(7) 2 ) = ^((7)0 ® «tt((7) 2 ) 

On the other hand, applying tp (g> a to the equality 
P.(7) = (7)i®7r((7) 2 )=7®/gives 

V((7)i)®07r((7) 2 )=V(7)®«(/) 

whence we deduce p n '(il>(f)) = 4>(f) ® «(/). Thus ^(/) £ which 
shows the inclusion 



= ^(k G /) = k G V(/) C H' a{f) = k G a(f) 

Since both sides of the above inclusion have equal dimensions, the proof 
is complete. □ 
From this point on F = C p . Let < and <f be two actions of C p on G. 
We denote (G, <) and (G, <') the corresponding C p -modules and we use 
the notation '•' and £ o' for the actions of C p on k G corresponding (by 
fll.lip ) to < and <f, respectively. A C p -isomorphism A between (G,<) 
and (G, <') is an automorphism of G with the property 

(4.3) (a < x)X = aX <' x, a G G,x G C p 

We make every A act on functions r : F x G 2 — > k F by 

(t.A)(x, a, 6) = r(x, aA -1 , 6A _1 ). 
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The definition of a Hopf cocycle depends on the action of C p . We will 
use the notation Z 2 (<), B%(<), H%{<) when the mention of a C p -action 
is essential. 

Lemma 4.4. (i) The group Z 2 (G, (k F )') is invariant under the action 
of any automorphism of G, 

(ii) A C p -isomorphism A : (G,<) — > (G,<f) induces C p -isomorphisms 
between the groups Z 2 (<), B 2 (<), H 2 (<) and Z 2 (<'), B 2 (<'), H 2 (<'), re- 
spectively. 

Proof: (i) is immediate. 

(ii) We must check C p -linearity and condition (12. 2p for r.A. First 
we note A" 1 is a module isomorphism between (G,<f) and (G,<), as 
one can check readily. Next we verify (12. 2p and C p -linearity in a single 
calculation 

(r.A) (xy) (a, b) = r(xy, a\~ x , 6A _1 ) 

= t(x, a\~ x , b\~ x )(x • r(y, aA" 1 , bX^ 1 )) 

= t(x, aA _1 , b\^ 1 )r(y, aA _1 < x, b\~ x < x) 

= t(x, aA _1 , b\~ 1 )r(y, (a <' x)\~ 1 , (b <' x)\~ x ) 

= (r.\)(x)(xo(r.X)( y ))(a,b). 

In the case of B 2 , first one checks the equality 

(S G r]).X = 5 G (r].X) for anyr? : F x G — > k*. 

It remains to verify the condition (12. 3p for 77. 0. That is done similarly 
to the calculation in (ii). □ 
Let (G, <) be a C p -module. We denote by A(<) the group of C p - 
automorphisms of (G,<). By the above Lemma Z 2 (<) is an A(<)- 
module. Symmetrically we introduce the group A p = Aut(C p ) of au- 
tomorphisms of C p . We define an action of A p on Map(F x G 2 ,k') 
via 

a.r(x, a, b) = r(a(x), a, b) 

We want to know how A p acts on Z 2 . Let (G,<) be a C p -module. For 
a G A p we define a C p -module (G, < a ) via 

a< a x = a< a(x), a G G, x G C p 

Similarly, an action '•' of C p on k G can be twisted by a into by 

x m a r = a(x) • r, r G k 

One can see easily that if • and < correspond to each other by (ll.lOp . 
then so do •** and < a . 
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Lemma 4.5. Every a G A p induces an A(<) -isomorphism between 
Z 2 {<),B 2 {<),H 2 {<) and Z 2 {< a ),B 2 {< a ),H 2 {< a ), respectively. 

PROOF: First we note that A(<) can be identified with A(< Q ) for any 
a. For, 

(g < a x)4> — (g < a(x))4> = (g4>) < a(x) — g<p < a x 

Thus we will treat every Z 2 (< a ) as an A(<)- module. Our next step is 
to show that for every r G Z 2 (<), a.r lies in Z 2 (< a ). This boils down 
to checking (12.21) for the <P-action as follows, 

(a.r)(xy) = r(a(x)a(y)) = r(a(x)(a(x) • r(a(y)) 

= r(a(x))(x » a r(a(y)) = (a.r(x)(x » a (a.r)(y)). 

As for A(<)-linearity, for every <p G A(<), we have 
((a.r).(f))(x, a, b) = (a.r)(x, _1 (a), <p~ l (b)) = r(a(x), _1 (a), 
= (r.0)(a(x), a, b) = (a.(r.0))(x, a, b). 

□ 

We need several short remarks. 

Lemma 4.6. Suppose r is a 2-cocycle. Assume r G (k G )* is such that 
(fip.r = e. Set ri = ^.r, 1 < i < p. Define a 1-cocycle £:£?—>■ (k Cp ) 
by C{t l ) = r i an d a 2-cocycle t' = t(5g()- Then the mapping 

i : H(t,<) H(r',<), t(p a f) = p a Tit\ a G G, 1 <i <p 

is an equivalence of extensions. 

PROOF: We need to show 5g( G B 2 which means that ( satisfies (12. 3p . 
The argument in Lemma 13.31 used to derive (I2.2p from the condition 
(13.41) works verbatim for (. □ 

Lemma 4.7. H(t,<) is cocommutative iff t is a coboundary. 

Proof: H*(t, <) is commutative iff ab = ba which is equivalent to 
r(a, b) = r(b, a). The latter is equivalent to r(t) : G x G — )■ k* being a 
symmetric 2-cocycle, hence a coboundary. A reference to Lemma l3T4T i) 
completes the proof. □ 
Unless stated otherwise, H(t, <) is a noncocommutative Hopf alge- 
bra. We pick another algebra H(t ; ,< ; ) and let ip : H(r,<) — > H(t',<') 
stand for a Hopf isomorphism. It is well-known that tj) sends k G to k G . 
For the reader's convenience we sketch a proof of this fact. 

Lemma 4.8. Mapping ip induces an Hopf automorphism ofk . 
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PROOF: Let G ^ k G be the group of characters of G and G(H) be 
the group of grouplikes of a Hopf algebra H. First we show the equal- 
ity G = G(H(t,<)). The containment G > G(H(t,<)) is clear. By 
Nichols-Zoeller's theorem [25] \G(H(t,<))\ is a divisor of dim H(t,<) = 
p-\G\. WereG(#(r,«)) ^ G, thenwe'dhave \G(H(t,<))\ = dim #(r, <) , 
contradicting noncocommutativity of H(t,<). Further ip induces an 
isomorphism between G(H(t,<)) and G(H(r' ,<')), hence by the pre- 
ceeding observation an automorphism of G. Since G is a basis of k G , 
the claim follows. □ 
Let = ip\kG. By Lemma [4.81 d> is an automorphism of k G . Let 0* 
be the automorphism of G induced by via 

(4.4) (a0* )(/) = ev(a)(0(/)) = 0(/)(a), / G k G . 

Lemma 4.9. Suppose is C p -linear isomorphism (k G , •) — > (k G , o). 
Then 0* is a C p -linear isomorphism (G,<f) — > (G,<). 

PROOF: By this section's opening remarks 'o' stands for the action of 
C p on k G in H(r',4). We calculate using (fTTOll 

f({a<'x)<f>*) =<j>(f)(a<tx) = (xo0(/))( a ) = <f>(x • f)(a) 

= (x«/)(a0*) = f{p4*<x), for all / G k G , 

hence (a <' x)0* = a0* < x. 

We proceed to formulation of the first isomorphism theorem. Let 
(G, <) be a Cp-module. We denote by [G, <] the class of C p -modules 
(G, <') isomorphic to a (G, < a ) for some a G A p . We let Ext [<?,<] (kC p , k G ) 
stand for the set of all (equivalence classes of) extensions whose C p - 
module G lies in [G, <]. The group ff c 2 (<) is an A(<)-module by Lemma 
I4.4( ii). We let N(<) denote the set of orbits generated by a non- 
semiHopf coboundary. The next theorem gives the non-group theoreti- 
cal aspect of classification of isotypes of Hopf algebras in Ext(kC p , k ). 

Theorem 4.10. (I). Noncocommutative extensions H(r,<) and H(r',<') 
are isomorphic if and only if there exists a C p -linear mapping 
A : (G, <) ~ (G, <' a ) for some a G A p such that 

r' = a -\ T .X 

(II). The elements o/N(<) correspond bijectively to the set of isoclasses 
of noncocommutative Hopf algebras in Extp^kCp, k ). 

PROOF: (I). In one direction, suppose ip : H(r,<) —> H(t',<') is an 
isomorphism. By Lemma EL~8l ?/> induces an automorphism : k G — > k , 
and from Lemma [4.31 we have the equality ip(t) = rt k for some k and 
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r G k G . The equality ip(t p ) = 1 implies (rt k ) p = <fi p {t k ) or = 1 and 
as 4> p (t k ) = 4> p {t) we have P o r = 1. This shows r G (k G )*. Let 
a : x — > x k , x G C p be this automorphism of C p . Then the calculation 

0(t • /) = Htft- 1 ) = ra(t)0(/)a(t)-V- 1 = a(t) o 0(/), f ek G 

shows : (k G , •) — » (k G , o a ) is C p -linear. It follows by Lemma \A. 91 that 
(G, < /a ) is isomorphic to (G,<) under 0*, hence A = (0*) _1 : (G,<) — > 
(G, < /a ) is a required automorphism. 

It remains to establish the second condition of the theorem. Set s = 
0~ 1 (r) and observe that, as _1 is C p -linear, <f> p • s = 1. Therefore by 
Lemma H~6l there is an equivalence t : H(t,<) — >■ H(t,<) with t(t) = st. 
Note t _1 (^) = s_1 *) hence by the choice of s we have = t k . It 

follows we can assume ip(t) = t k hence ip(x) = x k for all x G C p . 

Abbreviating H(t, <), i?(r', <') to H, H', respectively, we take up the 
identity. 

A H >(ip(x)) = (^#ffW,ie C p , 
expressing comultiplicativity of ip on elements of C p . By (11.22)) this 
translates into 

(4.5) Yl T '( x ^ a ' b )P" xk ® P&s* = r ( x ' c ' d )^) xk ® <t>(jPd)x k - 

a,b c,d 

Next we connect 0(pb) to the action of 0*. The argument used to prove 
ffTTTj) yields 

(4-6) (j)(p b ) =p bm -i. 

Switching summation symbols c, d to I = c(0*) _1 and m = d(0*) -1 , 
the right-hand side of (14.5)) takes on the form 

t(x, Z0*, m(p*)pix k <g> p m x fe 

Z,m 

Thus ^ is comultiplicative on C p iff 

(4.7) r'(a(x), a, 6) = r(x, a0*, 60*) = r(0*) _1 (x, a, 6) = r.A(x, a, 6). 
Applying a -1 to the last displayed equation we arrive at 

(4.8) i~'(x, a, b) = a~ r(x, a, b)X. 
as needed. 

Conversely, let us assume hypotheses of part (I). Reversing the argu- 
ment leading up from to A we deduce that A induces a C p -isomorphism 
: (k G , •) — » (k G , o a ) preserving the grouplikes of k G , hence a Hopf 
isomorphism. We define 

V> : H(t,<) -> H(T / ,<^)yi&i>(fx) = <p(f)a(x), f G k G ,x G C p . 
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A routine verification using </>(x»/) = a(x)o<p[f) shows ip is an algebra 
mapping. To see comultiplicativity of ip we need to verify 

(4.9) A H ,{il>(fx)) = {il>®i/>)A H {fx). 

By multiplicativity of A H i,tp, A H it suffices to check (14. 9 j) for tj) — (j) and 
for every ip(x). Now the first case holds as is a coalgebra mappping, 
and the second follows from r' = a _1 .r.A by calculations (14. 5 p and 

(II). We let X = [J H 2 c (<f) denote the disjoint union of groups 

aeA p 

H^(< a ), and note that X is an A(<) x A p -set. For every (G,<f) G [G, <) 
we fix a Cp-isomorphism z(<') : (G, <') ~ (G, <^). We define a mapping 
w : H%(<') — )• X by w(r') = r'.«(<'). Next we let cl(r, <) stand for the 
set of all (t', <') with H(r,<) — H(r',<') as Hopf algebras. We observe 
that every orbit Q of A(<) x A p in X is determined by Q fl H^(<), for 
apparently Q = A P (Q fl H^(<)). Therefore the assertion of part (II) 
follows from the statement 

(4.10) o;(cl(r,<)) = r(A x A p ). 

In one direction, let (r',<') G cl(r,<). By f)4~8l) w(r') = a^.r.A^')- 
There A is a G p -isomorphism (G, <) ^> (G, <' a ) or equally well a G p - 
isomorphism (G, < a 1 ) — > (G,<'). The composite mapping v = Az(<') 
lies in A(<). It follows that oj(t') G r(A x Ap). 

Conversely, suppose r' = a.r.u, v G A(<), a. G G p . By definition r' G 
# c 2 («°). We need to show (r', < a ) G cl(r, <), that is H(t', < a ) ~ F(r, <). 
By assumption v is a G p -automorphism of (G,<), hence it induces a 
Hopf automorphism of (k G , •). Define a mapping 

^ : H(r,<) #(r',« a ), ^(/x) = (f>(f)a-\x). 

To see that ^ is a bialgebra mapping it would suffice to show ^ is 
multiplicative. For then the proof of the sufficiency part of (I) yields 
comultiplicativity of ip. 

Let * denote multiplication in H(t', < a ). Note G p -action in H(t', < a ) 
is Pick /, /' G k G ,x,x' G G p . Next we calculate 

V>((/x)(/V)) = • = • /Oa-^xja" 1 ^) 

= 0(/)x • ^(/Oa-^xja- 1 ^) = 0(/)«- 1 .>(f )a-\x)a-\x') 

which completes the proof. □ 

We obtain a stronger result under a stricter condition on G, namely 
we assume G to be an elementary p-group. To this end we examine 
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cocommutative extensions. We let H 2 (<)/A(<) stand for the set of all 
cyclic orbits of A(<) in H%(<). The second isomorphism theorem is 

Theorem 4.11. Let G be a finite elementary p-abelian group. Then 
there is a bijection between the set H 2 (<)/A(<) and the set of isoclasses 
of Hopf algebras in Ext^^kCp, k G ). 

PROOF: In view of the preceeding theorem we need only consider iso- 
morphism classes of cocommutative extensions H(t, <). By Lemma I4T7I 
r = Srj G B 2 is a coboundary. A proof of the Theorem comes down to 
the statement 

(4.11) H{5n,<)~H{5(,<') iff 5( = {5n).{(f)*)- 1 

for a C p -isomorphism : (G, •) — > (G, o). The proof of (14.111) will be 
based on several intermediate results. 

First we examine cocommutative extensions. By general principles 
a cocommutative Hopf algebra H(t, <) is a Hopf group algebra of some 
group L. Our first step is to identify that group. 

Lemma 4.12. A cocommutative extension H(t,<) is isomorphic as a 
Hopf algebra to a group algebra kL with L G Opext(C p , G, •). 

PROOF: Let H ~> G(H) be the functor of taking the group of grou- 
plikes of H. Applying G(-) to an extension k G >— > kL kC p G 
Opext(kC p , k G , <) yields an extension G L -» C p G Opext(Cp, G, •). 
On the other hand, by Lemma 13.41 we have a group isomorphism 

B 2 JB^H 2 (C P ,G,.) 

under the mapping 5rj i-> &6(5r]) = 4> p .rj(t)N(G). We want to construct 
an explicit isomorphism H(5rj,<) ~ kL($>6(8r])). 

Let us write Xv = * v(t) an d denote Xv — Xr\N(G, •)• We observe 
that Xri = £ means 5rj is a Hopf coboundary. In this case 
H(5r],<) ~ H(e ® e, <), where e <8> e is the trivial 2-cocycle. By ( 11.221) 
we have in H(e <8> e, <) 

A ^(^) = S Pat®Pbt = t®t 

a.feGG 

Thus G x C p consists of grouplikes, hence H(e £g> e, <) = k(G x C p ). In 
general, that is if x ^ e, t can be twisted into a grouplike. 

In the foregoing notation, let / = rj(t). We claim the element ft is 
a grouplike in H(6rj,<). First, since r\ : G — >■ (k Cp )* , r)(t) G k G , and ft 
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makes sense. By ( 11. 22ft 

= Y,( 6 W a > h ^ at ®Pbt = Y, /(a)/(6)/(a6)"W ® Pit 

a,b a,b 

Next apply Ah to the standard expansion / = ^2f(a)p a - We get 

a bc=a b,c 

All in all we have 
A H (ft) = A H (f)A H (t) 

= (£ f( ab )P* ® Pb)(J2 f(*)f(b)f(ab)- l p a t ® p 6 t) 

a, b a,b 

= f(a)f(b)Pat ® p 6 t = (J] /(a)Pa)t ® £ = /* ® A 

a,b a b 

as needed. 

Set x = ft, x = Xv an d observe that x p = (fi p • / = x- We see a; is a 
unit in H(6n,<). The action of x on G by conjugation coincides with 
the action of t. Let G(x, •) be the subgroup of H(6r), <) generated by G 
and x. Clearly G(x,*)/G = C p , hence G(x,») is an extension of C p by 
G associated to the datum {%, •}. There x represents the cohomology 
class of G(x, •) as an element of Opext(C p , G, •), since H 2 (C P , G, •) = 

G Cp /N(G). From \G(x, «)| = dim if(5r/, <) we conclude H(6r),<) = 
kG(x,.). □ 
It becomes apparent that we have reduced the isomorphism prob- 
lem for Hopf algebras to same problem for groups G(x, •)• We need 
to translate the condition ( 14. lip into the data {x, •} and {u, o}. In 
keeping with our convention we treat a coboundary 5r/ as an element 
of either B 2 S or B 2 /B 2 . 

Lemma 4.13. Let 5r} £ B 2 (<) and 5( G B*(<t). Put x = $0{8rj) and 
ZJ = $6(60. Then 6( = (6r ] ).(<f>*)- 1 *ff ' <Kx) = 

PROOF: In the above statement we used the same letter for the 
induced isomorphism G Cp /N(G,») — > G Cp /N(G, o). By definition 
of 0*)-\ (6rj).{(f>*)- 1 (a,b) = ^(atp^b^n^ab)^)- 1 . As r](a<p*) = 
<fi(r))(a) by ( I4.4p . it follows that (5r]).(</)*) _1 = 6(<fi(r])), hence the con- 
dition ( 14. lip says S( = 6(4>(rj)). Applying $9 to the last equation, and 
using Cp-linearity of we derive (f> p .((t)N(G, o) = (f) p rj(t)N(G, •), that 
is ZJ = (f)(x). Since all steps of the proof are reversible, the proof is 
complete. □ 
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The final step in the proof is 

Proposition 4.14. G(x, •) ~ G(uJ, o) if and only if3C p -isomorphism 
(j) : (G, •) — > (G, o) such that <p(x) = w. 

PROOF: The proof of the proposition will be carried out in steps. 

(1) We assume action '•' to be nontrivial which is equivalent to 
assuming H(5r], <) is a noncommutative algebra. We simplify notations 
by replacing G with G, and x by a where a G G and a = aN(G). An 
extension of C p by G defined by some a and '•' will be denoted by 
G(a, •). Recapping Lemma [4. 121 we note that the group G(a, •) is 
generated by G and an element x ^ G such that x p = a and the action 
of x in G by conjugation coincides with the action of C p . We note if 
a = 1 then x can be chosen so that x p — 1. For, from x v = <p p .b we 
have {b~ l xy = 1. It follows each G(T, •) = G x C p . 

(2) The groups •) and G(a, o) are nonisomorphic for any choice 
of a 7^ 1. There 'o' denotes the action of C p in G for the second group. 

Suppose ip : G(l,») —> G(a,o) is an isomorphism. Let x,y be el- 
ements of (j(1,«) and G (a, o), respectively with x p = 1 and y p = a. 
Were -^(fl 1 ) = hy k for some /i G G, we would have 1 = ip{g p ) = 
(4> p (y k ) o h)a k = (4> p (y) ° h)a k contradicting to a ^ 1. Thus ip(G) = G, 
hence ip(x) = cy k , cGG, 1 < k < p — 1. But then the preceeding 
argument gives 1 = (<p p {y) ° c)a fc whence a = 1, a contradiction. Thus 
such t/> does not exist. 

(3) The next step is to show C p -modules (G, • a ) and (G, •) are iso- 
morphic for every a G A p . Let us write G additively. The action of C p 
in G induces a Z p [C p ]-module structure in G. Every indecomposable 
Cp-module is of the form /; = Z p [C p ]/{(t — 1)') for some 

1 < I < p where (u) denotes the submodule generated by u. Therefore 
the Krull-Schmidt decomposition of (G, •) consists of blocks of direct 
products of modules Ii, 

(4.12) (G,*) = B 1 ®---@B P , 

where B\ = I™ 1 is the product of mi copies of l\. The sequence {mi} 
determines the isomorphism type of (G,»). Let a:i4 x k ,x G C p . 
Each Ii remains invariant under the action of » a and is isomorphic to 

itself because t k - 1 = (t - 1)(1 + t + ■ ■ ■ + t k ~ l ) and 1 + 1 H h t k ~ l 

is a unit in Z P [C P ]. This proves our claim. 

(4) Here we prove the proposition for groups G(a, •) and G(b, o) with 
a ^ 1 and 6^1. We need only to show the necessary part, proof of 
sufficiency is fairly straghtforward. 



ISOMORPHISM TYPES OF HOPF ALGEBRAS 



31 



Suppose ip : G(a, •) — > G(b, o) is an isomorphism. Let x, y be ele- 
ments of those groups such that x p = a and y p = b. By the argument 
used in (2) there holds: ip(G) = G and ip(x) = cy k for some c G G and 
1 < A; < p — 1. We derive the equality 

(4.13) tp(x.g) = tpixgx- 1 ) = y k gy' k = y k og. 

Note ( 14.131) shows the restriction = to be a G p -isomorphism : 
(G, •) — > (G, o Q ) where a : x H- x fc . Furthermore ^(x) = cy implies 

<P{a) = tp(x p ) = (4> P (y k ) ° c )y pk = (<Pv ° c ) hk as = Mv)- Sa y A : 

(G, o Q ) — >• (G, o) is a Gp-isomorphism guaranteed by part (3). Put s = 
X(b h ). Let bi,si be the Bi components of b, s from the decomposition 
(I4.12p . Since b and s are fixed points, so are bi and si for all /. Therefore 
they lie in the socle of B\ and are simulteneously equal to 0, or distinct 
from 0. Therefore there is an automorphism of the socle mapping s/ 
to b\. Since each Bi is a free Z p [G p ]/((t — l)')-module there exists a 
Gp-automorphism o\ such that ai(si) = b\. It follows that there exists 
a Gp-automorphism a of (G, o) with cr(s) = b. 

Since both A and a commute with the action of C p , a\(N(G, o)) = 
iV(G, o). The mapping = aXcf) is a G p -automorphism (G, •) — >• (G, o) 
with the property 0(a) = (crA(0 p oc))6, hence 0(a) = b. This completes 
the proof of (4). 

(5) We consider an isomorphism ip : G(l, •) — > G(l, o). We need only 
to show the modules (G, •) and (G, o) are isomorphic. Put G = G(l, •) 
and Gi = G(l,o). For a group F we let {7 r (F)} denote the lower 
central series of F [5]. A routine calculation yields 

7 r (G) — (t— l) r_1 »G. One can see easily dim^ p ji(G) /ji + i(G) — mi + 
■ ■ ■ + m p . It becomes evident that the multiplicities rrij are determined 
by the lower central filtration. Since an isomorphism if) : G — > Gi 
induces isomorphism betweeen the lower central series in G and Gi, 
the sequence (mi, . . . ,m p ) is an isomorphism invariant. This proves 
(5). 

(6) It remains to settle the case of the trivial action. Now G(a) := 
G(T, •) is abelian. We have N(G) — G p — 1, hence a = a. If a = 
1, G(a) = G x (x) is an elementary abelian group. Else, a ^ 1, x p = a 
which shows x has order p 2 . It is clear G(l) 9^ G(a) for every a ^ 1. 
Furthermore, if a 7^ 1, let G be a complement of a in G. Clearly 
G(a) = G x (x), hence if b 7^ 1 is another element of G, G(a) ~ G(6). 
On the other hand, for every a, b 7^ 1 there is an automorphism of G 
with 0(a) = 0(6). This completes the proof of the proposition. □ 
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5. Commutative Extensions 

We continue with the assumption G = C p an elementary abelian p- 
group, and n a natural number. The number n will be called the rankoi 
G. An algebra H (r, <) is commutative iff the action '<' is trivial. Below 
we omit the symbol '<' and write H(r) for H(t, <). Every commutative 
finite-dimensional Hopf algebra over an algebraically closed field is of 
the form k L ([10], [HI 2.3.1]) for some finite group L. We will identify 
groups L appearing in that formula for algebras H{r). 

Proposition 5.1. The set of equivalence classes of commutative ex- 
tensions in £xt(kC p , k G ) is in a bijective correspondence with the set 
of equivalence classes of central extensions of G by C p . A bisection is 
given by H(r) ^ k G ( T ) where G(r) is the central extension defined by 
a 2-cocycle r . 

PROOF: We examine H*(t). For the trivial action of C p on G we have 
by Proposition 11.41 that for every a £ G 

A H * (a) = yj ap x <g> ap y = (a <g) a) (} j p x <S> p y ) = a®a 

x,y&C p x y 

Thus a is a grouplike for every a £ G. Let 9 be a generator of C p . 
Since k Cp is a Hopf subalgebra of H*, 9 is a grouplike of H* . We see 
that the set G(r) = {a9 l \a <E G,0 < i < p — 1} consists of grouplikes. 
Moreover, |G(t)| = dim H*, hence G(t) is a basis of H*. Therefore 
G(t) = G(H*) is a group and H* = kG{r), whence H = k G W. 

Since r is a Hopf 2-cocycle it satisfies (I2.2p which for the trivial 
action of C p turns into r(xy) = r(x)r(y). Thus r(a,b) : C p — > k* is 
a character for any choice of a, b £ G. We see that r : G x G — > C p 
is a 2-cocycle of G in C p hence G{r) is a central extension of G by C p 
defined by r. It remains to notice that the subgroup B\ consists of 
coboundaries in the group cohomology Z 2 (G,C P ). For, by Definition 
12.31 5rj £ B\ iff rj satisfies the condition f )2.3p . hence r\ : G — > C p . □ 

The next result gives the number of isotypes of commutative exten- 
sions in Ext(kC p ,k G ) for odd primes p. We begin with a Lemma. 

Lemma 5.2. For any odd prime and any action the isomorphism 
of Proposition ^.^ is A(<) -linear. 

PROOF: For an odd p part (1) of Proposition 13.51 gives the splitting 
Z\j = B 2 N x Alt at (G) with both factors A(<)-submodules. Noting that 
B 2 is an A(<)-submodule of Z 2 , and both 9 and $ are A(<)-linear, we 
arrive at an A(<)-isomorphism asserted in the lemma. □ 
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Proposition 5.3. There are |_^y^J isotypes of commutative Hopf al- 
gebra extensions ofkC p by k G for any odd prime p. 

Proof: By Theorem 14.111 we need to compute the number of cyclic 
orbits of A := Aut(G) in H^(tnv). We note that for every trivial C p - 
module M, N(M) = M p . Therefore, if M has exponent p N(M) = 
and M^r = M. From these remarks, in view of G and Alt(G) having 
exponent p, we derive from Lemma 15.21 an A(<)-isomorphism 

(5.1) # c 2 (triv) -Gx Alt(G) 

For a (x, P) G G© Alt(G) we let (x, P)A denote the orbit of (x, P)- For 
every x G G we let K x denote ker x- 

We switch to the additive notation in our treatment of G x Alt(G) 
and view the latter as a vector space over the prime field Z p . We 
note A acts in G ffi Alt(G) componentwise. We want to describe the 
orbits of A in G © Alt(G). Their classification relies on the theory of 
symplectic spaces. A symplectic space (V, (3) is a vector space with 
an alternating form j3. We need a structure theorem for such spaces 
(see e.g. [H]). For a subspace X of V we denote by X x the subspace 
consisting of all v G V such that (3(x,v) = for all x G X. We 
call V 1 - the radical of and denote it by rad/3. We say that two 
elements x, y G V are orthogonal if (3(x,y) = 0. We call subspaces 
X, Y orthogonal if X C Y- 1 , and we write X _L Y . A symplectic space 
(V, pi) is an orthogonal sum of subspaces U\, . . . ,C4ifV = U\ ffi • • • ffi C4 
and Ui _L Uj for all i ^ j. We use the symbol V — U\ J_ • • • _L 
to denote an orthogonal decomposition of (V,p). A hyperbolic plane 
P is a 2-dimensional subspace of V such that P(x,y) = 1 relative to a 
basis {a;, y} of P. The elements x, y are called a hyperbolic pair. The 
structure theorem states 

(5.2) V = Pi i_P r ±rad/3. 

We call this splitting of V a complete orthogonal decomposition of 
(V, P). The number r will be refered to as the width of P, denoted by 
w(P). 

Let us agree to write A\t r (G) for the set of alternating forms of width 
r. We identify G © Alt (G) with G. The set G © Alt r (G) is visibly 
stable under A. Using ( 15. 2 p one can see easily A acts transitively on 
Alt r (G) for every r. It folows that every orbit of A lies in G © A\t r (G) 
for some r. A refinement of G ffi Alt r (G) gives all cyclic orbits of A. 

Proposition 5.4. The orbits of A in G ffi Alt r (G) are as follows: 
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(i) {0} andG\{0} ifr = 0; 

(ii) {(0,(3)}, {( X ,(3)\rad/3 C K x }, {( X , (3)\rad (3 £ K x } for every 
1 < r < [n/2 J for an odd n, or 1 < r < n/2 for an even n, where (3 
runs over PAt r (G); 

(iii) {(0,(3)} and {(x,/3)|0 ^ x}> where (3 runs over Alt n / 2 if n is 
even. 

PROOF: Pick x £ G. Let x G G be an element, unique modulo K x , such 
that x( x ) = 1 where 1 is the unity of Z p . We associate a pair (K x ,x) 
to x- For any A G G with an associated pair the equality 

X-4> = A, G A holds iff K x <p = Kx and x.0 = kz for some A; G Xa- 
On the other hand, 0, 7 G Alt(G) are related by = 7 iff there is a 
decomposition (15.21) of (V, (3) satisfying Pj0 is a hyperbolic plane for 7 
for all i and (rad/3)0 = rad7. 

Let (X) denote the subspace spanned by a subset X C G. Note A 
acts transitively on the set of pairs (L,x), G = L © (x) hence A acts 
transitively on G \ {0} which proves (i). (iii) is a special case of the 
second set in (ii) as rad/3 = for every f3 of width n/2. 

We take up part (ii). First, we show that all sets there are A in- 
variant. It suffices to consider the property rad/3 C ker% of (x, /?). 
Let (A, 7) = (x,{3).(f>. Then (3.cf) = 7 implies (rad/3)0 = rad7. The 
second condition A = yields the equality K x <p = K\. Therefore 
rad7 = (rad/3)0 C K x <p = K\. 

Conversely, we will show first that the set {(x, /3)|rad/3 C K x } is a 
single orbit. Let (3 X denote the restriction of /3 to K x . Take a complete 
orthogonal decomposition (K x , (3) = Pi _L • • • _L P m _L rad/3 x . Suppose 
w((3) = r. Then dimrad/3 = n — 2r while dimrad/3 c /jj = n — 1 — 2m. 
Since rad/3 C rad/3 x it follows that m < r. Therefore dimrad/3 x > 
n — I — 2(r — 1) = n — 2r+l> dimrad (3. Now pick 7/ ^ if x and note 
G = K x © (y). Further, select an x G rad/3 x \ rad/3. Notice x is not 
orthogonal to y for else, as G = K x © (y), x G rad/3, a contradiction. 
Let i? = rad f3 x . Since /3(a;, ?/) 7^ the functional /3(— , y) : R — >■ Z p , r !->■ 
/3(r, y),r e R is nonzero. Therefore splits up -R = (2) © ker , y). 
It is clear that ker (3(—,y) = rad /3 which implies dim R = n — 1 — 2m = 
n — 2r + l hence m = r — 1. Put P = Pi©- • -ffiP r _i and observe that the 
restriction of (3 to P is nondegenerate meaning P n P -1 = 0. From this 
we obtain a decomposition G = P _L P^. Since the number w(/3) is an 
invariant of decompositions (15. 2p and rad/3|p± = rad/3, we conclude 
that P- 1 = P r _L rad /?. In consequence RnP ± = [Rn P x ) _L rad (3 
as rad (3 G R. Let w, f be a hyperbolic pair in P r with u G P. Then 
f ^ i^ x , because f _L K x , but v R since dim RC\P r = 1. We see that 
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(G,/3) = K X ± (v), and 
(G, p) = P x ± ■ ■ ■ ± P r -i JL P r JL rad/3 



with iT x = Pi © •••P r _i © (w, rad/3) and P r = (u,v). Pick another 
element (A, 7) of the set. By Q,Q (G, 7) = Q x ± ■ ■ ■ JL Q r ± 
rad7 = K\ ± (w) with Q r = (z,w) and K x = Qi © • • • © Q/r- 1 © 
(2;, rad7). Then any automorphism sending Pj to Q« for i = 1, . . . , r— 
1, rad/3 to rad7, and u z,v ^ w carries (x, 0) to (A, 7). 

Finally we show that the set {(%, /3)|rad/3 ^ iT x } is a single orbit. 
Pick (x, /?) from the set, and let (K x , /3) = Pi J_ • • • J_ P m _L rad/3 x be 
a complete orthogonal decomposition of (K x ,j3). Select a y G rad 
feeta \ K x . Then G = K x © (?/), hence rad/3 = rad/3 x © (y). We see 
(G, /3) = Pi _L • •• ± P m J_ (rad/3 x © (y)) is a complete orthogonal 
decomposition of G. it becomes evident that m = r and for any other 
pair (A, 7) from the set (x,fi)-<fi = (A, 7) for some G A. A simple 
count of the number of orbits yields the formula. □ 



Let p be an odd prime and G = C p x C p . In [15, Thm. 3.1] A. 
Masuoka has described all semisimple Hopf algebras of dimension p 3 
and found the number of isomorphism classes. We aim at rederiving the 
part of his results concerning the number of isotypes of Hopf algebras 
in Ext(kG p ,k c P xC f). 

Proposition 6.1. There are p + 7 isotypes of Hopf algebras in 
Ext(kG p , k. CpXCp ). Of those, 4 classes consists of commutative algebras, 
2 classes consist of cocommutative, noncommutative algebras, andp+l 
classes consist of noncommutative and noncocommutative algebras. 

PROOF: We let R = Z p C p /((t — l) 2 ) where t is a generator of C p . 
Every nontrivial G p -module structure on C p x C p is isomorphic to R 
with the right regular G p -action. Therefore, denoting by '<' the reg- 
ular action of C p we have that all noncommutative extensions lie in 
Ext[ Gi<1 ](kGp,k c, f xC 'f). Letting Ext tr iv(kG p , k Cp xCp ) stand for all exten- 
sion with the trivial G p -action we see that Ext(kG p ,k pXC,p ) is a dis- 
joint union of Ext[G,<](kG p , k CpXCp ) and Extt riv (kG p , k CpXCp ). Plainly 
Exttriv(kG p , k. CpXCp ) consists of all commutative extensions, and by 
Proposition 15.31 the number of isoclasses there is 4. We note that by 
Proposition 15.11 this is the well-known number [5] of nonisomorphic, 
noncyclic groups of order p 3 . 



6. One Old Result 
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Turning to noncommutative extensions we have by Theorem 14.111 
that the number of isoclasses equals to the number of orbits of A(<) in 
H 2 (<). By Proposition 13.51 we have the equality 

H 2 (<) = R Cp /N(R) x k\t N {R). 

There R = Hom^(-R, Z p ) and action of C p on R is by (x.r*)(s) = r*(s<x) 

with r* G R, x G C p , s G R. To simplify notation we write r for the 
image of r G Z p C p in R. Put e = 1, / = t — 1. In the basis {e, /} of 
.R the action of C p is given by e <t = e + f, f <t = f. Let {e*, /*} 
be the basis dual to {e, /}. One can see easily that t.e* = e*,t.f* = 
e* + /*. It follows immediately that R Cp = 7L p e* and, by the definition 
of N(R), we have N(R) = (p p .R = (t - lf^.R = as p - 1 > 
2. Moving on to Alt(i?) we regard it as the Z p -space of all alternate 
mappings /3 : R ffi R — > 7L P . Every (3 is determined by its value (3(e, f), 
hence Alt(i?) = Z p /3 where (3$ is defined by f3o(e, f) = 1. We have 
(t.p )(e, f) = p (e <t,f<t)= p (e, /). Consequently (p p .(3 = p(3 = 
which means Altjv(i2) = Alt(i?). All in all, we obtain an isomorphism 
i : H%(<) ~ Z p © Z p under which (ae*, b(3 ) i-)- (a, b),a,b G Z p . 

We take up A(<) := Aut(i?, <). Every A G A(<) is determined by its 
effect on 1, hence \ = \ s : r > s<r for some s G R. If s = le + m/, A s 
is an automorphism iff I ^ mod p. One can check easily e*.X s = le*. 
Next we calculate the effect of X s on /3q. We have 

(/3 .A)(e,/) = /9 (A(e),A(/)) = /3o(^ e ,5</) = fas, If) 
= P (le + mfJf)=l 2 (3 (eJ). 

It becomes clear that if z(r) = (a, 6), then z(t.A) = (la,l 2 b). Thus 
A(<) acts on Z p x Z p through the multiplication by elements of Z*. 
The subset Z* x Z* is stable under that action. For every (a, b) there, 
its stabilizer in Z* is trivial. Therefore the size of the orbit of every 
(a, b) G Z* x Z* is p — 1, hence there are p — 1 orbits of this kind. There 
are clearly two orbits in the set {(0, b)\b ^ 0} whence the number of 
orbits in H 2 (<) is p + 1. Adding two orbits {(0, 0)} and {(/, 0)|/ G Z"} 
corresponding to cocommutative extensions completes the proof. □ 

Appendix : Crossed product splitting of H 

Proposition. Let H be an extension of kF by k G . Then H is a 
crossed product of kF over k G . 

PROOF: First observe that if is a Hopf-Galois extension of k G by kF 
via p n = (id <g> n)A H : H — )■ H <8> kF, see e.g. the proof of [TU 
3.4.3], hence by [THJ 8.1.7] H is a strongly F-graded algebra. Setting 
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H x = {h G H\p„(h) = h <g> x} we have H = @ xeF H x with H x = k G 
and H x H x -i = k° for all x G F. Next for every a G G we construct 
elements u(a) G if x , v(a) G i? x -i such that 

u(a)v(a) = p a , p a u(a) = u(a),v(a)p a = v(a), and 
u(a)v(b) = for alia ^ b. 

Indeed, were all uv,u G H x ,v G H x -i lie in span{pf,|6 7^ a}, then 
so would H x H x -i, a contradiction. Therefore there are u,v such that 

uv = J2 c bPb,c a 7^ 0. Setting u(a) = — p a u,v(a) = vp a we get the ele- 

ments satisfying having the first three properties stated above. Further- 
more, the last property also holds because u(a)v(b) = p a u(a)v(b)pb = 
p a Pbu(a)v(b) = 0. It follows that the elements u x = J2 aeG u(a),v x = 
^2 ae G v i a ) satisfy u x v x = 1 hence, as H is finite-dimensional, v x u x = 1 
as well. Thus u x is a 2-sided unit in H x . 

Now define \ '■ — > H by x( x ) = ~i — \ u x- One can see imme- 

e[u x ) 

diately that x is a convolution invertible mapping satisfying p w o x = 
X <8> id, x(I-f) — 1 an( i € h X — € f- Thus x is a section of kF in iJ, 
which completes the proof. □ 
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